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R™ : r—system=- y-system

Va(y) = Iy~ V™ (x), contravariant iy g (5 %)

 Oxm™m

Valy) = %“;? Vi (), covariant B8 (2 %)
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a b
Tab(y) = 25 20T (), (2) type

 Ox™ Ox™

Tun(y) = 35z 55 Toun (), (3) type

a oy® 9x™ rm
Ty (y) = 5= gyb T (z), G) type.




Linear Transformation

v = Ro,a™s 2™ = (R

Ve (y)=R* V™ (x) VI =RV

~

Valy) = (R7) G Vin () = (R71) " Vi (2)

a



Linear Transformation (Cont.)

T°(y) = RS, R, T (x)

I~ I~

Tap(y) = (B71) " (R7) " Tonn ()

~

Ty (y) = RS, (R (@)



Electromagnetic Tensor
in Minkowski Space R3-1




Electromagnetic Tensor

 Rank-2 tensor under SO(3,1), I.e.
Rank-2 tensor under Lorentz transformation.
* E;, B; are components of the rank-2 tensor.

F(y) = LS, L), F™" (x)

Og 10 = 4 J?
a[CLFbC] =0




F*(y) = L%, L5 F™"(x)
= [ _ [ ]

F(y) = LS, L), I (x)
= LS, Fm (@) L,

= L%, P (2) !

= [LF(x)L]"



Special case: SO(3,1)=>S0O(3)
(1 0 0 0)
0 * % x

=G &)

0 %
\0***)

L(SO(3)) =

- (1 0\/0 —-E\ /1 O©
LFL_(O R)(E M)(O }’{)



E'=
RE

M/’ =
RMR




Under SO(3)

E'= RE
M’'= RMR
0
M = | B,

Vector

Rank-2 Tensor

~-B., B,
0 -B,
B, 0



0O —-B, B, 0 —Bb3 B
Mij = Bz 0 —Bx —_— Bg 0 —Bl
-B, B, 0 —B, By 0

MY = —€""* By, B; = —2¢€;;,M/*
Tensor contraction?

Is €;,% a rank-3 tensor under SO(3)?



Claiml: €;; is a rank-2 tensor under SO(2)

det R= R4 R% — RLR% = ™R R% = qre;5¢™ R BRI, =1

2!

mn _smsn __ SmAsn
€ epq—5p 5q 5q 5p

1l . omn T pPI —

51€ig€ Epgtt, R, = €pq

1l _/smsm _ SsmSn ) ]
2!€Zj (5 5(] 5q 5p)RmRn — €pq

p

%EU (RZpRJq o RZqRJp) — qu

PRI e —
R.pR.QEZ] — €pq




Claim2: €, is a rank-3 tensor under SO(3)

det R = Lene™ R RI RY,

R.pR.qR.TE@]k — Epgr

Constant Tensor

RZ R Rgez]k — CEmn/t




Conclusion:
Under SO(3)

0 — B3 B
1.B; € B 0 — B
—By B4 0

is a component of a rank-2 tensor.

M¥ — —EijkBk, B, = —%Eijijk

2.B; € (B1, B2, B3) is a component of a vector.



Case studyl. B Is a pseudo-vector

A pseudo-vector (or axial vector) Is a
guantity that transforms like a vector under
a proper rotation, but in three dimensions
gains an additional sign flip under an
Improper rotation such as a reflection.

http://en.wikipedia.org/wiki/Pseudovector

V! = (det R)RV = +RV




SO3) = 0(3): Re€O(3),det R=+=+1

For improper rotation, det R = —1,

det R = %EijkémnéR?mRojnR.kg = —1

) o —1\{ __ ¥4
€kl R, = —€emne(R71)5 = —€mne Ry,



i w - 1 »
M"Y = —e¥ Bk, Bz — —§ez-jk1\/13

€;7% 1s Invariant under transformation.

B’- = —leijkM/jk

2 2

—— €U, R, = —nne(RTY)Y, = —emne Ry
L 1 N4 mn
__ L7 1
= —R; [ emnngn]

2

— —R%EBE
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Ampere's right hand rule
=>»left hand rule?

y — z plane
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Case study 2.

1.Cross product of two vectors A x B
1s still a vector.

2.Cross product of two vectors A x B
1s a pseudovector.

2’.Cross product of two polar vectors A x B
1s a axial vector.



Case study 3.
What's special for anti-symmetry

T is a general rank-2 tensor in R3.
Tab — Sab _I_Aab

1 b 1 b by __ 1 b
EabcTa — ﬁ@zbc(sa + A“ ) — eabcAa

2! 2!

Rearranging the component



Case study 4.
Generalization by an example

T is a rank-3 tensor under SO(5) in R®,

Then %eabcdeT abe is a rank-2 tensor.

1 be __ 1 b b bey 1 b
geabcdeTa ¢ = ﬁeabcde(sa © + M*>€ + A C) — geabcdeAa ©



Case study 5. Anti-quarks
Quarks € () type tensor under SU(3).

((2)) type anti-symmetric tensor = ((1)) type tensor.

ud — du = s
ds—sdéﬁ_
SuU — us = d



SU(3)

33=6D3




Case study 6. Graphical rep.
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€ijk
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RR=1, R/ R% =0



det R = %EijkémneR?mR.jnR.ke =1




€4 RZ .
kR, R RY, =
.m .nR.E — Emnt



e Rt RI — >
17k mRn — emnﬁR}f — GmnﬁREk



Ref: Landau & Lifshitz, V2

Now consider four-tensors. The space components (i, k, = 1, 2, 3) of the antisymmetric
tensor A* form a three-dimensional antisymmetric tensor with respect to purely spatial
~ transformations; according to our statement its components can be expressed in terms of the
components of a three-dimensional axial vector. With respect to these same transformations
the components A%, A%, A" form a three-dimensional polar vector. Thus the components of

an antisymmetric four-tensor can be written as a matrix:

0 Px Py p:

(A = —Px 0 -a, a,
_py a, . 0 —ay

- P -ay a, 0

(6.10)

where with resnect to spatial transformations. p and a are polar and axial vectors, respectively.



