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It is noted that the symmetry of two-mode squeezedstates of light is governed by the group
Sp(4) that is locally isomorphic to 0( 3,2). This group has subgroups that are locally
isomorphic to the two-dimensional Euclidean group. Two-mode states having the E(2)
symmetry are constructed. The translation-like transformations of this symmetry
group shear the Wigner distribution function defined over the four-dimensional phase space
consisting of two pairs of canonical variables. Shearedstates are constructed in the
Schrodinger picture of quantum mechanics and in the Fock spacefor photon numbers. It is
shown that the Wigner phase-spacepicture is a convenient representation of quantum
mechanics for calculating measurablequantities of the shearedstates.

I. INTRODUCTION

The basic symmetry of the coherent state of light is
that of the Heisenberg group h(4).‘12 The symmetry of
the one-mode squeezed state is dictated by the group
Sp( 2)) which is locally isomorphic to 0( 2,l) .3 For twomode squeezedstates, the SU(2) and SU( 1,l) symmetries have been discussedextensively in the literature.3-5
It has also been noted that the basic symmetry for the
two-mode state is that of the group Sp(4), which is locally isomorphic to the (3 + 2)-dimensional desitter
group.3t6t7The group Sp(4) has both SU(2)-like and
SU( 1,l )-like subgroups.We use the word “like” to indicate that the correspondenceis locally isomorphic.
While both SU(2) and SU( 1,l) are three-parameter
groups, there are three-parameter subgroups of Sp(4)
that are locally isomorphic to the two-dimensional Euclidean group, which is commonly denoted by E(2).8t9
The group E(2) is locally isomorphic to the internal
space-timesymmetry group of masslessparticles.3.‘0”1It
is also widely known that this group can be obtained from
the three-dimensional rotation group or from the group
0( 2,l) through group contraction. 12,13
The word E(2) is also associatedwith one-modecoherent state in the Wigner phase-spacepicture of quantum mechanics.3*‘4However, in the Schrodinger picture,
the symmetry of coherent state is that of h(4), which is
known as the Heisenberg group.’ Indeed, the coherent
state exhibits different symmetry properties in two different representationsof quantum mechanics.
In this paper, we shall study the representationhaving the E(2)-like symmetry in both the Schrodinger and
Wigner pictures by considering the E(2)-like subgroups
of 0(3,2). As Dirac noted in 1963,6it is possible to construct two-oscillator representations of 0( 3,2), which
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later became the basic language for two-mode squeezed
states of light.’ If we translate this symmetry to the
Wigner function of two canonical variables, it becomes
that of Sp( 4)) as the group Sp( 4) is locally isomorphic to
0(3,2). The SU(2)-like and SU(l,l)-like subgroups of
Sp(4) have beenthoroughly studied in the literature.3-5Y15
In this paper, we shall construct a generalized coherent
state having the E(2)-like symmetry in both the Schriidinger and Wigner pictures. In so doing, we shall note
first that the E(2)-like transformations shear the Wigner
function in four-dimensional phase space leading to a
shearedstate.
In Sec. II, we formulate the problem by introducing
the symmetry group of the two-mode Wigner function
defined in four-dimensional phase space. It is noted that
the symmetry is that of Sp( 4). In Sec. III, the threeparameter subgroups of Sp(4) are discussedin detail. It
is shown that, in addition to SU(2) and SU( l,l), there
are subgroups that are locally isomorphic to the twodimensional Euclidean group.
In Sec. IV, we explain in detail how the E(2)-like
transformations lead to shears in the four-dimensional
Wigner phase space.It is noted that there are shearsthat
can be separatedbetween the modes and those that are
coupled. All coupled shearscan be uncoupled through a
rotation in the E( 2)-like symmetry group. In Sec. V, the
E( 2)-like symmetry is translated into the symmetry operations applicable to harmonic oscillator wave functions
in the Schrodinger picture. In Sec. VI, we study how the
symmetry operation affects the photon distribution in the
occupation number space commonly known as Fock
space. Finally, in Sec. VII, it is shown that the Wigner
distribution function is very convenient for extracting
measurablequantities from the shearedstates.
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II. FOUR-DIMENSIONAL PHASE SPACE FOR TWOMODE STATES

The Wigner phase-spacepicture of quantum mechanics is the natural languagefor squeezedstatesof light.3*‘0
The Wigner distribution function for two-mode states is
definedover the four-dimensionalphasespaceconsisting
of two pairs of canonicalvariablesx1,pi and x2, p2.3'7The
group of homogeneouslinear transformations in this
phasespaceis Sp(4).’
If M is a 4 X 4 matrix representinghomogeneouslinear canonical transformations applicable to the four-dimensional vector space of (xi,x2,pI,p2), it satisfies the
condition
M
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Indeed, these are the generators of the group Sp(4),
which is locally isomorphic to the (3 + 2) -dimensional
deSitter grou~.‘,~
Let us now introduce the Wigner function. If $(x> is
a wave function in the Schrodinger picture of quantum
mechanics, then the Wigner phase-spacedistribution
function for one pair of canonical variables is3V7*‘7*‘8
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The Wigner function for this ground state is
W(x,p) = ( 1/9r)exp{ - (x2 + p2)}.
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We can obtain all known coherent and squeezedstatesby
making canonical transformations of the above
expression.” The group of linear canonical transformations consistsof translations, rotations, and squeezes.
If the wave function dependson two coordinatevariablesx1 and x2, the Wigner function will dependon two
pairs of canonical variables:
1 2

K1= -5

-y)dy.

The parametersx and p are c numbers.The Wigner function is definedover the two-dimensionalphasespaceof x
and p. For studying coherentand squeezedstatesof light,
we can start with the ground-state harmonic oscillator
with the Schriidinger wave function”

and
i

(2.5)

(2.2)

where G representsa set of purely imaginary 4 x 4 matricesthat commute with J while antisymmetric or anticommute with J while symmetric.7
There are ten linearly independent generators. In
terms of the Pauli matrices, they are779*‘6
Jl=;(

[J,Kjl= i@G,

W(x,p) 2

From this condition, it is possibleto find the generatorsof
the group. In terms of the generatorG, A4 can be written
as
Mze-

Thesegeneratorssatisfy the commutation relations:
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dh.

(2.9)

Let us then consider the ground-statewave function for
this two-oscillator system:
9(x1,--4 = (I/T) l/2 expC - (b) (xf + x’,)}.

Then the Wigner function will be
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We are now interested in performing rotations and
squeezeswith respectto two pairs of variables.There are
three possibleways of choosingtwo pairs among the four
variables, and the above Wigner function can be written
in three different ways:7
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For this Wigner function, the generatorsof Sp(4) take
the differential forms.7 As in the caseEq. (2.3), there are
four generatorsof rotations:
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The generatorsEq. (2.13) and Eq. (2.14) of course satisfy the commutation relations of Eq. (2.5).
The group Sp(4) has ten parameters,but there are
seldom physical problems dealing with ten variables.
Thus subgroupsof Sp(4) are playing important roles in
physics.

a

x’z2-x2z

a
a
xldp,-pla~l-1
a
a
*
XZ&yPZ&
)I

Ill. THREE-PARAMETER SUBGROUPS OF Sp(4)

(

As in the caseof Eq. (2.4)) there are six squeezegenerators:

The group Sp(4) has many subgroups, and threeparameter subgroupsare particularly useful in studying
The most obvious subgroup
two-mode squeezedstates.5V7
is the SU(2)-like group generatedby J,, J2, and J3. Another subgroup frequently discussedin the literature is
the SU( 1,l )-like group generated by Jo, K3, and Q3.
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From the local isomorphism between Sp( 4) and O( 3,2),
it is not difficult to find all possible SU( 1,l )-like subgroups.
Indeed, the above-mentioned SU ( 1,l )-like subgroup
is unitarily equivalent to those generated by Je, Kt, Qr
and by Jo, K,, Q2. There is also an SU ( 1,l )-like subgroup
generatedby K,, K2, J3, which is unitarily equivalent to
Q,, Q,, and J3. These are then unitarily equivalent to the
subgroupsgeneratedby K2, KS, J1, by K3, K1, J2, by Qz,
Q3, J1, and by Qs, Qi, J2. It is known from the Lorentz
group that the signs of Ki and Qi can be changed.
The purpose of this paper is to discuss additional
three-parameter subgroups. It is known that the 0( 3,l)
Lorentz group has a number of E( 2)-like subgroups.3*8*‘o
Since there are two 0( 3,1)-like subgroups in the O( 3,2)
desitter group, the group Sp( 4) should contain a number
of E ( 2) -like subgroups.8V9
The best way to approach this problem is to use the
lesson we learned from the Lorentz group.lo*‘l If Li,
L2, L3 and Bl, B2, B3 are the generators of rotations and
boosts in O( 3,1), there is a subgroup generated by L3,
T1, and T2, where
TI=BI

- L2 and T,=B,

+ L1.

(3.1)

They satisfy the commutation relations:
[ T1,T2] =0,

[L3,T1]

= - iTz,

[L3,T2]

This set of commutation relations is the same as that for
the Euclidean group in two-dimensional spaceor E( 2) .l”
By considering the symmetry of the O( 3,1)-like subgroups of Sp( 4)) we can construct all E( 2)-like subgroups of Sp(4).
If we define
- J2,

F2=K2

+ J1

(3.3)

and
GI=QI

- Jz,

Gz=Qz

(3.4)

+ JI,

then the resulting commutation relations are

[FI,F~I=Q [J3,Fll= - iF2,

[J~,FzI =iFl,

(3.5)

and similar relations for Gi, G2,and J3. The commutation
relations remain invariant when Ki and Qi change their
signs. The subgroup generated by G,, G2, and J3 is unitarily equivalent to that generated by F1, F2, and J3.
There are four-additional subgroups generated by F2,
F3, JI, by I;;, FI, Jz, by G, G, JI, and by G

i---AX ‘------/
FIG. 1. Illustration of shear. The wave packet spread appears as a shear
in phase space in the Wigner phase-space picture of quantum mechanics. The p axis remains invariant, while the x axis expands at the rate of
pt/m. Since thep axis remains invariant, this is an xp shear. This transformation leaves the sheared area invariant, and is therefore a canonical
transformation. This picture of wave packet spreads is discussed in
detail in Ref. 3.

IV. CONSTRUCTION OF SHEARED STATES

Let us define the word “shear.” In the xp plane, we
can consider linear transformations of the type

$)=(A;) (:)a

=iT,.

(3.2)

F,=K,

X

G, Jz. They

are all unitarily equivalent. Thus we can study them all
by studying one.

(4.1)

Under this transformation, the x coordinate undergoes a
translation proportional top while the p variable remains
unchanged. This transformation deforms the area in the
two-dimensional spaceof x and p as given in Fig. 1. We
shall adopt the convention of calling “xp shear” if x becomes changedwhile p remains invariant. In this convention, the px shear is representedby

(::)=c2(3

(4.2)

For a given function f(x,p), the xp shear leads to f(x
- ap,p), while the px shear results in f(x,p - Bx) .
With this preparation, we can go back to the E(2)like subgroup discussedin Sec. III. The rotation generator J3 is given in Eq. (2.3), and also in Eq. (2.13). The
generators F1 and F2 take the matrix form

F,=-i(I

z),

F2=i(I

z).

(4.3)

These matrices are nilpotent:

(W2= (Fd2= (F,)(F,) =O,
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The rotation in this case is the simultaneous parallel rotation of the x1x2 and p1p2 coordinate systems.
The differential forms of the generators are

and the transformation matrix becomes
=exp( - igF,)exp(

S(a,B)

= I - iaF,

- iaF,)

(4.5)

- ifiF2,

,

(4.15)

which takes the form
,
I
S(a,B)=

-aq+Bq

(4.6)

o
I

*

(

1

Let us examine the coordinate transformations due to
this matrix. When /!I = 0, the coordinate transformation
becomes
x;=x2

xi =x1 - ap2,

- apl.

(4.7)

This means that S(a,O) performs the xlp2 and x2pI
shears. Likewise, S(OJ3) will perform the xipl and x2p2
shears as
x; =x1

+ PP,,

4=x2

-

(4.8)

Dp2.

The effect of the transformation S(a,j?)
x:=x,

-

ap2

x;=x2

+ BP,,

is

- apl-

Pp2.

The rotation matrix R(4) = exp( forms S(a,O) to S(O,a), since
Cexp(-

it$J3)

(4.9)

trans-

(4.10)

= (sin f$)c3 + (sin +)a,.

Thus if we take into account rotations generated by J3, it
is sufficient to restrict ourselves to one generator of the
form
-

(sin

(4.11)

~)FI,

= ( 1h)2expC
-

(4.12)

where I is the unit matrix, and
a=p cos 4, p=p sin 4.

(4.13)

As for the rotation operator applied to the coordinate
variables, the effect of the transformation is

4
0 (
4

cos#
= sin f$

cosd
= sin 4

0 (
PI

P;

-sin (p
cos cp

x1

H )’

(XI + ap2 - Pp112

apl+

-

&212

(4.16)

(PT + Pi)>+

This is the Wigner function for the sheared state. As we
shall see in Sec. VII, we shall use this function to calculate measurablequantities, including the total number of
photons and variances in the photon number in a sheared
state of light. Before performing these calculations, we
are interested in the distribution of photons in the sheared
state.

The generators of Sp(4) given in Sec. II are applicable to the Wigner function of two pairs of canonical variables. Since the Wigner function is constructed from the
Schrodinger wave function, it may be possible to construct the generators applicable to the wave function
which will lead to the Sp(4) transformations in phase
space. Indeed, this question has been addressed,7and the
corresponding generators are

&=

- @F(4),

+

?,=gaqiT,-

and the transformation matrix can be written as
S(pd) =exp( - ipF($))=I

(x2

-

V. SHEARED STATES IN THE SCHRijDlNGER
PICTURE

i(~/2)a2)}a3Cexp(i(~/2)a2)}

F(4) = (~0s #P’z

while J3 is given in Eq. (2.13). The operation of S( a,P)
to the function f(xI,x2,pl,p2)
leads to f(x,
+ ap2
- Ppl,x2 + apl + Bp2,pl,p2). If the aboveshearoperator
is applied to the Wigner function of Eq. (2.12),

(1/2i)

(q&

h
K, =;(qq

+ Gp,),

ai4ah2)
, 5=f(Gp2
- G$?,),

S,=t(q$

+ ah2Q,

+ &ah2),

&= - $qq + Z,& - G$q- ah2g22),
(5.1)
23=

(i/4)

(42

- 2,iT, + 23

ii=

(i/2)

(q$

- $la^2),

&=

-

(i/4)

83=

-

ct, cqq

(qq

- ah2G2),

- Z,$

- qg

&2*

23

+ ah22ah2),

x2

- sin4

p,

cos 4

)C P2 ) *

(4.14)

+

+

+

iT2ah2),

where a^and a”t are the step-down and step-up operators
of the form
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a^=
(x^+I$-)/
Jz, a^t=(x^-Ii;)@ ,

(5.2)

where x^is the multiplication by x and p^is the operation
of - i(d/dx).
Both operators are applicable to the
Schrijdinger wave function in the x space.The role of
theseoperatorson harmonic oscillator wave functions is
well known.
The rotation operator J3 can be written as

.I

s=-;

x&-x2-g
2

1I

$&J1,P2)

expC -

= (lh)‘”

correspondingto the ground state, the result is
- (7)

4ph~2)=(~)1’2exp(

Xexp( - (y)

.

(5.3)

Here again,this generatesrotations in the x1x2coordinate
system.The rotation angle is f of that in the caseof phase
space.The ?i and z2 operators are

(5.10)

tf> (PT +P$l

(pi)‘]
(5.11)

(p2j2).

As for an arbitrary angle 4, the shearedstate is
$p(Pl1P2)

=(i)“‘exp(

- (7)

(p1cos$+p2sing)2]

&=;(a^, - iq>(a^z - iq),
(5.4)

- $32 - ($1 - iQ2).

fi24(a^,

Xexp( - (7)

(pising-p,wsg)l].

Becauseof the f factor in ?s in Eq. (5.3), the generator
1c^(
4) of Eq. (4.11) is translated into

(5.12)
If 4 = go”, the shearedstate becomes

R(4) = (cos IQ2 + (sin +,R,
+os

+~(sin~$)(Zr-~a^f(G~-GJ).

- (7)

$php2)=(~)1’2erp(

$>{(a^, - 2,” - (Z, - a”1>2}
(5.5)

xexpl-

I

/I--@ \,
\41

(Pl + P212

tpl -p212

The shear operator is
(5.6)

Rp,$) =exp( - i&4)).

If 4 = 0, this operator becomesseparablein the xl and
x2 coordinate, and the shear operator takes the form
s^(p,O)=exp{ - i(p/4)
X

(a^2 - 2)‘)

exp{i(p/4) (al - uf)2},

(5.7)

where the first and second modes are decoupled. If C$
= 90”, the coupling becomesmaximum, and the shear
operator becomes
?(p,r/2) =exp{ - i(p/2)(a^,

- 2) (Zl - 3)).

(5.8)

Let us go back to the shearoperator of Eq. (5.7). We
can construct a shearedstate by applying it to the ground
state. In the momentum space, the application of this
operator results in the multiplication by the exponential
factor
expC- Q/2) (pi

(5.9)

-P’,)>.

If this factor is multiplied by the wave function

I

.

I

(5.13)

We can obtain the results of Eqs. (5.12) and (5.13)
by applying the shearoperator of Eq. (5.6) to the ground
state. This procedure will be discussedin Sec. VI. The
wave functions given in Eqs. (5.11)-( 5.13) are not eigenfunctions of the harmonic oscillator Hamiltonian. They
can be written as linear expansionsof the eigenfunctions.
As is well known, the mathematicsof harmonic oscillators is applicable to the occupation number spacecommonly called Fock space. In Fock space, the oscillator
energylevel becomesthe number of particles. The coherent state of photons is a superpositionof states with different photon numbers.’The oscillator formalism discussedhere will lead to another coherent superpositionof
photon states.In view of the geometric picture discussed
in Sec. IV, we shall call them shearedstates,

VI. SHEARED STATES IN FOCK SPACE

The mathematicsgiven in Sec. V is directly applicable to occupation number states in Fock space.The nth
excited oscillator state correspondsto the state with n
free particles, particularly n photons. The step-up and
step-down operators are now the creation and annihilation operators. Their role in the processof secondquan-
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tization is well known. The harmonic oscillator in its
ground state corresponds to the vacuum or zero-photon
state.
The sheared states given in Sec. V are expandable in
terms of number states. The most general form of the
shear operator in momentum space can be written as

Thus the wave function Eq. (6.4) can be expanded as
5,

@islla,O)=(

+

(6.1)

iPpIp2),

where a and p are real parameters. We now write the
sheared state as
la,P) =3a,P)

I W).

(6.2)

I

n;.

GAP2w

a(pT--Pi)

-

- (v)

d

(3p:+ispp2].

(6.3)

This wave function is normalized, as the shear s(a,p) is
a unitary transformation. The remaining task is to expand
this expression in terms of the complete orthonormal set
of harmonic oscillator wave functions.
If fi = 0, the calculation is relatively simple. Indeed,

@l,p2,a,0)=(~)1’2exp(

-

Xexp( - (y)p:)

(?),:I

.

(6.4)

The form
i?(p) = ( l/r) 1’4exp{ - (( 1 - ia)/2)p2 1

(6.5 1

is a wave function with a complex spring constant. It can
be expanded asI

g(p)=(1/n)%-2’2

where H,(p)

$

m=O

(22”(2m)!)-“w,J&(p),
(6.6)

is the Hermite polynomial, and

. m( ,,,,!)
( - 2)

(6.9)

as

4
(P2
) (
2

4

4
p;=plcos~+p2sin~,

plsinT-p2cosZ

4

(6.11)
pi=

4
-p,sin~+p,cos~,

as was noted in Eq. (5.12), and the expansion procedure
for the /3 = 0 case can be applied directly to these separable variables. On the other hand, if we chooseto expand
in the original variables pl and p2, there will be cross
terms, and the final result will be a very complicated
series. The complication may be beyond our control.
In order to deal with this problem, we take a fresh
approach. Let us go back to Eq. (5.5) where the shear
operator is written in terms of the creation and annihilation operators. Since the application of the annihilation
operator to the vacuum state produces zero, it is natural
for us to look for the procedure for writing the shear
operator as a normal ordered operator. The shear generator of Eq. (5.5) is quadratic in a):and $. It is trivial to
write the generator in a normal ordered form, but the
problem is entirely different for the shear operator. Indeed, there have been discussionsof this problem in the
past, and we shall use the result available in the
literature.20
For the present case,pi’^(r$> can be written as

+

(6.7)

-

,
)I
(6.10)
with p = (a2 + $) 1’2, tan # = p/a. As a consequence,
the sheared wave function of Eq. (6.3) becomesthat of
Eq. (6.8)) and the wave function is separablein the variablesp; and pi,

pE(f$) = (a/4)((2

(~)m( 1 -i~)-m-1’2

*

+ Wp1p2

Ii

@iip21a,P)=(f)1’2exp(

I

If p is not zero, it is possible to express the polynomial in the exponent of Eq. (6.1) :

p plcosT+p2sin$

Then

C2m=

C2,(P,l2m)J

(6.8)
x

3a,P) =expCi(a/2) (pi -pi)

1243

- $1)2 - (2 - a^,)2)

w2)(+&H~-~a^z),

which takes the quadratic form of
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p&4) = (a/4) (q’ + g12- 2qZ1)
-

(a/4)

x (i.#

(2” + 2: - 2qa^,)

C2m + I,ln-

+ (D/2)

- qi?, - ar;ah2).

+ ;I;2

-C

2m,2n + l- -0

f

C2m,2n
Min(m,n)

(6.13)
=A

This is norm$ ordered, but the shear operator S(a#)
= exp( - ipF( 4)) is not. However, there are theorems in
the literature which allow us to write the S( a$) operator
in a normal-ordered form.20 Indeed,

dm

kzo

C 2m+1,2n+1=IZJ(2m+

(2&;~--;;;,

1)!(2n+

Mi(m,n)
x

$(a ,/3) =A:exp{g(q2 + 2,” - 2GJGl)

1 k), 9

I)!

s”k + trn - krln - k

(2k +

izo

l)!(m - k)!(n - k)! ’
(6.18)

+ 7j(iiy + 3 - 2322)
+LJ$~+&;;2-~$2--&)}:,

(6.14)

where
A=2/(a2 + /3’+ 4)1’2,

ck,jl

c= (a2 + p2 - 2ia)/2(a2

+ P2 + 4),

7j= (a2 + P2 + 2ia)/2(a2

+ 8” + 4),

c=

- 2ij3/(a2

+/3’+

(NJ=

4).

If this operator is applied to the vacuum state, the annihilation operators are deleted. The result is

kzo klckJ12p

jgo jlckJ12s

(6.19)

(N,N2)

= kiio ti Ickji

(N;)=

kzo

(6.20)

2,

and

where
=d

exp(cq + $J2 + cqq).

exp(~~)exp(~ZJz)exp(&!$J).

(6.16)

If this operator is acted on the vacuum state,

14) = Ca,B) IO>= 5 %I kd9

k21ck,ji2,

(N:)=j~o

f&j!‘-

(6.21)

This operator can now be decomposedinto
?(a,fl)=A

(h)=

Similarly,

(6.15)

&a,/3 lO,O>= %a,P) I W),

f?(a,p)

WhenP=0,Gm+1,2n+l = 0 , and the seriesof Eq. (6.17)
becomesthe separableexpansion of Eq. (6.8).
Indeed, these coefficients are needed for evaluating
the distribution in photons numbers. If needed, we can
plot a three-dimensionalplot of the photon distribution in
two variables using a computer program such as
MATHEMATICA.
The distribution 1
2 Of course depends on k and j, which are the numbers for the first and
second photons. These coefficients are normalized. The
averagevalue of the number of the first and second photons are

(6.17)

where k and j are the Fock-spaceindices for the pl and
p2 coordinates, respectively. For the system of photons,
they are the photon numbers for the first and second
kinds, respectively. Using the form of Eq. (6.16), it is
possible to calculate the coefficient Ck? The results are

The computation of these numbers in terms of the coefficients given in Eq. (6.18) is possible.On the other hand,
it is not clear whether this computation will lead to a
closed analytical form for each of the above quantities.
It is of course possible to obtain analytical expressions using the the momentum wave function given in Eq.
(6.3), and the expressionof the operators in terms of the
momentum variables. It is also possibleto compute these
numbers using the sheared Wigner function. While the
computation of expectationvaluesin the Schriidinger picture is a well-known procedure, the method based in the
phase-spacepicture is relatively new.3 We shall use this
new method to compute the measurablequantities in Sec.
VII.
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VII. PHOTON NUMBER AND ITS VARIANCE

The method of calculating measurablenumbers from
the Wigner function has been discussed in the
litera-ture.3’18’21
In particular, the photon number can be
calculated from the expression
(N)=k

j- ( x2 i-p’-

(7.1)

1) W(x,p)dxdp,

and the (number) * from
(N2)=;

s

{(x2 +p*

-

l)* - l}W(x,p)dxdp
(7.2)

for the single-modestate.
It is straightforward to generalizethe above procedure to two-mode states. The total number of photon is
N = N, + N2. In terms of the Wigner function,
(N)=k

J tx:+p:+

x: + p; - 2) w(xI,x2,Pl,P2)

(7.3)

x dx, dp, dx2 dpz.

Since
N2= (N, + N*)*=N;

+ N; + 2NiN2,

(7.4)

the application of Eqs. (7.1) and (7.2) to each mode
leads to
W*>= j- 1; (x:+p:+x;+p:)*-

(x:+p:+x:

1
+ P;, + 5 Wxl,x2,pI,pddxl
I

dpl dx2 dpz.

(7.5)
It is now straightforward to calculate (N) and
(N*) using the Wigner function of Eq. (4.16). The results are
(N)

=;(a* + a*>,
(7.6)

(N*) =g(a* + $)” + 2(a2 + /3*>+ 2a2P2}.
From this, we can calculate the variance:
((AN)‘) = (N*> - (N>*
=i{ (a2 + p’,’ + 4(2 + p”, + 4a2@}.
(7.7)
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Naturally, if a = fi = 0, there are no shears,and the vacuum expectation values of N, N*, and the variance are
zero. When (a* + fl*)* becomes very large, the ration
(( AN)*)/(N*) becomesl/2.

VIII. FURTHER COMMENTS ON SHEARED STATES

Among the fundamental transformations in physics,
we are most familiar with rotations and unitary transformations. Recently, due to the theoretical developmentin
quantum optics and the phase-spaceapproachin classical
mechanics,the squeezeis now being regarded as one of
the fundamental transformations. However, since the
Lorentz boost is a squeezetransformation,3 the geometrical concept of squeezeis not really new in physics. On
the other hand, it is new that this concept leads to new
distributions of photons in quantum optics.
In this paper, we discussedthe concept of shear applicable to photon distributions. From the geometrical
point of view, the shear transformation is quite common
in engineeringsciences.It was recently observedthat this
geometrical operation corresponds to translation-like
transformations in Wigner’s little group for masslessparticles whose translation-like transformations correspond
to gaugetransformations9’” It is interesting to note that
photon distributions in the shearedstate and the Wigner
gaugetransformation share the same mathematics.
From the mathematical point of view, the two-mode
squeezedstate is produced from a product of two groundstate oscillator wave functions with the same frequency
Then the frequenciesw1 and w2 are squeezedin
WV3P4~15
such a way that the product 0102 remain invariant. In the
case of shear operations, we start also from the two
ground-state wave functions with the same frequency. It
is interesting to note from Sets. V and VI of this paper
that the shear operation adds an imaginary number to
one of the frequencieswhile subtracting the same imaginary number from the other frequency. The net result is
that the shear transformation preserves the relation
w1 + w2 = 20,,, and w1 = wf. The harmonic oscillator
with a complex frequency has been discussed in the
literature.**
One of the most interesting features of the two-dimensionalEuclidean group is that it can be obtainedfrom
the contraction of 0 ( 3) or 0 (2,l) . They are are locally
isomorphic to SU(2) and SU( l,l>, respectively.‘2913
Therefore, we should be able to obtain the result of the
present paper by applying certain limiting procedure to
the SU(2) and SU( 1,l) coherent states. The first step
toward this ambitious program is to construct the E(2)symmetric coherent state. This is precisely what we have
done in this paper.

J. Math. Phys., Vol. 33, No. 4, April 1992

1246

Y. S. Kim and L. Yeh: E(2)-symmetric two-mode sheared states

ACKNOWLEDGMENTS

It is a pleasure to thank Professor G. F. Chew for
stimulating discussionson the question of whether the
E(2)-symmetric coherent state can be constructed as a
lim iting caseof the SU( 1,l) and SU( 2) symmetric states.
We are also grateful to Professor E. H. Wichmann for
bringing to our attention the papersdealing with normal
ordering of operator expansionswhich led to the result of
sec. VI.
‘J. R. Klauder and B. S. Skagerstam, Coherent States (World Scientific, Singapore, 1985); W. M. Zhang, D. H. Feng, and R. Gihnore,
Rev. Mod. Phys. 62, 867 (1990).
*A. Perelomov, Generalized Coherent States ( Springer-Verlag, Heidelberg, 1986).
3Y. S. Kim and M. E. Noz, Phase Space Picture of Quantum Mechanics (World Scientific, Singapore, 1991) ,
4C. M. Caves, Phys. Rev. D 23, 1693 (1981); B. L. Schumaker, Phys.
Rep. 135, 317 (1986).
‘B. Yurke, S. McCall, and J. R. Klauder, Phys. Rev. A 33, 4033
(1986).
‘P. A. M. Dirac, J. Math. Phys. 4, 901 (1963).

7D. Han, Y. S. Kim, and M. E. Noz, Phys. Rev. A 41, 6233 (1990).
sH. van Dam, Y. J. Ng, and L. C. Biedenham, Phys. Lett. B 158, 227
(1985).
9C. H. Kim and Y. S. Kim, J. Math. Phys. 32, 1998 (1991).
“E. P. Wigner, Ann. Math. 40, 149 (1939).
“Y. S. Kim and E. P. Wigner, J. Math. Phys. 31, 55 (1990).
‘*D. Han, Y. S. Kim, and D. Son, J. Math. Phys. 27, 2228 (1986).
l3 R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications
(Wiley, New York, 1974).
14D. Han, Y. S. Kim, and M. E. Noz, Phys. Rev. A 37, 807 (1988).
t5Y. S. Kim and V. I. Man’ko, Phys. Lett. A 157, 226 (1991).
16The subscripts (1,2,3) used in this paper correspond to (3,1,2) of Ref.
9.
“E. P. Wigner, Phys. Rev. 40, 749 (1932).
“M. Hillery, R. F. O’Connell, M. 0. Scully, and E. P. Wigner, Phys.
Rep. 106, 121 (1984).
191. S. Gradshyteyn and I. M. Ryzhik, Tables of Integrals, Series and
Products (Academic, New York, 1965).
*‘G S Agarwal and E. Wolf, Phys. Rev. D 2, 2161, 2187, and 2206
(197b); C. L. Mehta, J. Math. Phys. 18, 404 (1977); G. P. Agrawal
and C. L. Mehta, J. Math. Phys. 8, 408 ( 1977). For an earlier discussion of this problem, see F. A. Berezin, The Method of Second
Quantization (Academic, New York, 1966), see page 143.
*ID. Han, Y. S. Kii, and M. E. Noz, Phys. Rev. A 40, 902 (1989).
**L. C. Papaloucas, Nuovo Cimento B102, 315 ( 1988).

J. Math. Phys., Vol. 33, No. 4, April 1992

